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Tém tit: Trong boi canh cdc thiét bi tinh toan bién (Edge Computing) ngay cang déng
vai tro trung tam trong viéc xir Iy chudi dir liéu thoi gian thwce, rao can 16n nhdt nam & sw
xung dot gitka yéu cau dg tré cuec tiéu va giéi han ndng lwong tiéu thu. Cdc tiép cdn quy hoach
déng (DP) kinh dién, von mang dé phirc tap, thuwong tré thanh binh canh khéng thé vieot qua
khi kich thwée div liéu cham nguéng. Bdi bdo ndy thiét lgp mot khung trién khai hop nhdt
(Unified Implementation Framework), tich hop sirc manh ciia ky thudt bao 16i (Convex Hull
Trick - CHT) va phwong phdp t6i wu héa Lambda (-Optimization) dé ha bdc dé phirc tap
xuong tuyén tinh. Nhitng dong gép khoa hoc cot 16i bao gom: kién tao co ché tinh todn s6 hoc
an toan trén mién nguyén 128-bit nham triét tiéu hoan toan sai sé lam tron sé thuwc. Sau do
dé xudt chién lwoc “phd vé thé cdn bang” (tie-breaking strategy) ddc thii cho phwong phdp
Lagrange dé dam bao su héi tu on dinh; cudi cung la kiém chirng thuc nghiém toan dién trén
cdc tdp dir liéu mé phong quy mé lom. So liéu cho thdy tai , gidi thudt dé xudt chi tiéu ton
trung binh 8.5ms, cai thién hiéu nang toi 99.9% so voi mirc 20150ms cua phwong phdp co so,
khang dinh tinh kha thi khi trién khai trén cdc thiét bi han ché tai nguyén.

Tir khéa: quy hoach déng, ky thudt bao 16i, téi wu Lambda, toi wu héa bién, do phirc tap
thudt toan

I. Dit vin dé

Lan song bung nd cia Internet van
vat (IoT) da dinh hinh lai m6 hinh xu 1y
thong tin, chuyén dich trong tdm tinh todn
tir ddm mAy trung tdm vé phia bién mang
(Edge Computing) nham giam thiéu d¢ tré
truyén tai (Shi va cong su, 2016). Trong

btic tranh d6, cic bai toan phan tich chudi
thoi gian, dién hinh nhu phan doan tin hi¢u
t6i uru hay phan bo tai nguyén, dong vai trd
then chét va thuong dugc giai quyét thong
qua md hinh quy hoach dong (Dynamic
Programming - DP) (Bellman, 1957).
Mic du vay, han ché c6 hitu cua cac thuat
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toan DP truyén thong 1a d6 phuc tap bac
hai O(N?) hoic O(N’K), bién chung thanh
rao can ky thuat 16n khi trién khai trén cac
vi diéu khién hodc hé thong nhing véi dix
lidu dau vao vuot ngudng 10° phan tur.

Dé khic phyc nat thit hiéu ning nay,
cong dong nghién ciru da dé xuat nhiéu ky
thut nhu t6i wu hoa chia dé trj (Divide and
Conquer) (Knuth, 1971) hay cay Li Chao
(Li & Chao, 2011). Tuy nhién, viéc chuyén
giao cac 1y thuyét ndy vao moi trudng thuc
té gdp phai thach thirc khong nho vé sai sd
dau phay dong va su phic tap trong quan
1y bd nhé. Bai bdo nay tap trung vao viéc
hé thong hoa va tinh chinh hai k¥ thuat
mii nhon: Convex Hull Trick (CHT) va
Lambda Optimization (thuong duoc biét
dén voi tén goi Aliens Trick) (Karp, 1984).

Nghién ciru nay dong gop ba diém
mdi quan trong:

Xay dung co ché Arithmetic-safe
(An toan sb hoc) duwa trén tinh toan sb
nguyén 128bit, gitip loai bo triét dé cac sai
s6 1am tron khi xac dinh giao diém hinh
hoc, khic phuc nhuoc diém chi mang cua
cac cai dat st dung s6 thuc “double”.

Dé xuat mot chién luoc Tie-breaking
(X 1y ddéng phang) nghiém ngit cho
phuong phap t6i wu hoa Lambda, dam bao
thuat toan tim kiém nhi phan luén héi tu
chinh xac vé ciu hinh mong mudn ngay
ca khi ham muc tiéu khong 16i chit (non-
strictly convex).

Thyc hién danh gia thuc nghiém d6i
sanh trén céac tdp dir liéu mo6 phong 16,
minh chimg 13 rang kha ning ting toc dot
phé ciia phuong phap dé xuit so véi cac
tiép can hién hanh.

IL. Co 6 1y thuyét

Birc tranh toan canh vé tbi wu hoa
quy hoach dong hién nay duoc phan cuc
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thanh hai hudng tiép can chu dao dua trén
dac tinh toan hoc cua bai toan:

Huo6ng tiép cin dua trén hinh hoc
va tinh don diéu: Yao (1980) di dit nén
mong véi didu kién bat dang thirc tir giac
(Quadrangle Inequality), cho phép ha bac
d6 phic tap DP tir O(N°) xubng O(N?). Boi
v6i 16p bai toan c6 ham muc tiéu tuyén tinh
dang y=mx+c, cac cong trinh cia Galil &
Giancarlo (1989) va Eppstein va cong su
(1992) da dé xuét viéc duy tri cau triic bao
16i (Convex Hull) dé truy van cuc tri, giup
dat duoc do phuc tap myén tinh O(N) hoac
O(N log log N). Gan day, cau triic Li Chao
Tree (Li & Chao, 2011) ndi 1én nhu mot
cong cu manh mé, hd trg cap nhat va truy
van trong thoi gian logarit ma khong yéu
cau tinh don diéu cta hé s6 gobc.

Huwéng tiép can dwa trén néi 16ng
rang budc (Lagrangian Relaxation):
Phuong phap nhin tr Lagrange, von la
cong cu kinh dién trong t6i uu hoa lién tuc
(Everett, 1963), 3 duoc chuyén giao thanh
cong sang mién toi wu hoa t6 hop roi rac.
Trong gidi thuat toan, k¥ thuat nay duoc
dinh danh 14 “Aliens Trick” (Aliens, 2016),
cho phép loai bo mot chiéu trang thai trong
bang phuong an DP bang cach chuyén bai
toan co rang budc cung thanh bai toan phat
mém. Tuy nhién, cac nghién ciru 1y thuyét
thuong bd ngo cac van d& cai dat thuc té
nhu sai s6 s6 hoc hay hién twong ham 16i
khong chat, nhitng khia canh ma bai bao
nay s& tap trung giai quyét triét dé.

I11. Phwong phap nghién ciru

3.1. Ky thudt t6i wu héa bao 16i
(Convex Hull Trick)

3.1.1. Mo hinh hoa bai toan

Chung ta xem xét 16p bai toan quy
hoach dong mot chiéu tuan theo cong thuc
truy hoi tuyén tinh:
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FliJ={myx+c, § (1)
trong dox, la bién s6 d0'n diéu tang vam, la
hé s6 goc dO'n di¢u giam. Pay la dang thuc
pho bién trong cac bai toan tdi thiéu hoa
chi phi (cost minimization). V& ban chat,
viéc tinh toan FTi] twong duong voéi viéc
tim kiém dudng thang L.:y=mx+c, trong
tap hop da cho sao cho gia tri y tai hoanh
do x, 1a nhé nhat ma khong can duyét lai
toan bo lich su ;.

3.1.2. Logic thudt toan va cai dat
an toan

bé dat dugc do phtrc tap muc tiéu
O(N), chiung t6i duy tri mot bao 16i dudi
(Lower Convex Hull) st dung cau triic hang
doi hai dau (Deque). Logic xtr 1y bao gdm
hai thao tic nguyén tir: thém duong thing
méi (AddLine) va truy van toi uu (Query).

Co ché loai bé duong thing thira:
Khi bd sung mot dudng thing mai L.
vao tap hop dd dugc sip xép theo hé sd
goc giam dan, can kiém tra tinh hop 1€ ctia

dudng thiang nim cudi Deque (L,,) Goi
L, la duong thang ké trude L,

Dinh nghia 1. Duong thang L, bi
coi la thira va ccfn loai b6 néu giao diém
cua cap (L L.) nam bén phdi hodc
trung voi giao dzem cuacap (L, L ).

Vé mit hinh hoc, diéu nay déng
nghia v6i viéc L, bi “che khuét” hoan
toan boi L, vaL, trong mién gia tri kha
dung, do dé khong bao gid dong gop vao
gid tri toi uu.

Chién lwge an toan s6 hoc
(Arithmetic-safe): Viéc tinh toan tryc tiép
hoanh do giao diém X=(C e V)( e

m, ) trén mlen s6 thuc (“double”) tiém 4n
rui ro sai s6 1am tron nghiém trong. Chiing
t6i dé xuat s dung phép so sanh nhan
chéo trén mién nguyén 16n 128bit

(Clast_cprev)'(mlast_mnew)z(cnew_clast)' (2)
(m,, -m,
prev las
Giai thuat 1 dudi day mo ta chi tiet
quy trinh nay.

Giai thuat 1 Monotone Convex Hull Trick (Str dung Deque)

Input: Deque D luu trit cac dudng thang y = mx + ¢. Gia dinh m giam dan, x truy van

last-cprev) : (mlast new

m, ) (cnew last) (mprev-mlast)

tang dan.
1. procedure ADDLINE(m _ , c )
2: while D.size() > 2 do
3: L, <D.back(); Lprev<—D[D.size() -2
4: Kiém tra Giao diém: (c
S: if “Dicu kién giao diém thoa man” then
6: D.pop_back()
7: else
8: break
9: end if
10: end while
11: D.push, . ({m__.c })

12: end procedure
13: procedure QUERY (x)



14: while D.size()>2 do
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15: val «—D[0] m-x+D[0].c

16: val «<—D[I].mx+D[1].c

17: if val >val, then > Duong dau tién khong con tdi uu
18: D.pop_front()

19: else

20: break

21: end if

22: end while

23: return

24: end procedure

3.2. Phwong phdp téi wu héa
Lambda (-Optimization)

3.2.1. Nguyén Iy hoat dong

Ky thuat nay giai quyét 16p bai toan
t6i uu hoa c6 rang budc tai nguyén: Tim gia
tri cuc tiéu cua ham muc tiéu véi dung phan
doan. Chiing toi chuyén d6i bai toan vé dang
khong rang budc bang cach dua thém chi
phi phat A cho mdi phan doan dugc tao ra

G(4)={Cost, , ti-segments} (3)

Ham s6 luong doan t6i uwu k(1)
mang tinh chat don diéu giam theo 4. Do
d6, viéc tim kiém nhj phan gia tri A* sao
cho k(A*)=K 1a hoan toan kha thi.

3.2.2. Logic Tie-breaking (Xuw ly
dong phang)

Pay 1a thanh phan cbt 16i dam bao
su 6n dinh cua thuat toan. Trong trudng
hop ham muc tiéu khong 16i chat, do
thi biéu dién (k,f(k)) c6 thé xuét hién
cac doan thang (linear segments), dan

dén viéc nhiéu gia tri k khac nhau cung
twong Ung v6i mot hé sé goc A. Khi
d6, qua trinh tim kiém nhi phan thong
thuong s& bi dao dong hodc khong thé
hoi tu vé diing K.

Giai phap dé xuét: Chung toi thiét
1ap mot quy tac wu tién (Tie-breaking rule)
nhat quan: ludn chon sé doan 16n nhat (max
segments) khi chi phi t3i wu 1a bang nhau.

DP[i]={(DP[j].cost+w(j,i)+4,D- )
P[j].cnt+1)}

Trong phép so sanh min, néu chi phi
cost bang nhau, ching t6i uu tién trang
thai c¢6 bién dém cnt 16n hon. Piéu nay
dam bao thuat toan ludn tim dugc diém
cuc phai trén doan dong phang. Chi phi
cubi cuing duge khoi phuc chinh xac théng
qua cong thirc ndi suy tuyén tinh

Answer=G(L* )-1*K (5)

Giai thuat 2 mé ta chi tiét logic xu

1y nay.

Giai thuit 2 Lambda Optimization vi co ché Tie-breaking

Input: Dit liéu dau vao, s6 doan myc tiéu K. Output: Chi phi tdi thiéu chia diing K doan.

1: procedure FINDOPTIMALLAMBDA

2: L0, R—MAX COST

3: ans_val <o
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4 while L<R do

5 A—(L+R)/2

6: (cost,segments)«—CHECKDP(4)
7 if segments>K then

8 ans_val«—cost-A-K

9: L—J)+1 D> Tang phat dé giam s6 doan
10: else

11: R—A-1

12: end if

13: end while

14: return ans_val

15: end procedure
16: function CHECKDP (1)

17: ... (Thyc thi DP O(N) st dung CHT da dinh nghia)...
18: Quy tic Tie-breaking:

19: if cost == cost,_ then

20: Uu tién chon phuong an ¢6 segments 16n hon.
21: end if

22: return {dp/N].cost,dp[N].segments}

23: end function

IV. Két qua va thao luin

4.1. Thiét lap thwe nghiém

Pé kiém chimg hiéu qua, ching t6i
tién hanh mo phong bai toan phan doan
mang sO nguyén (Array Partitioning)
thanh K doan nham t6i wu hoa tong binh
phuong sai s6. Dit liéu dau vao dugc sinh
ngau nhién v6i N phan ti, tuan theo phan
phéi déu (Uniform distribution) trong
khoang gia tri [0,10°]. Tham s6 Seed ngiu
nhién dugc cb dinh (Seed=42) nham dam
bao kha ning tai 1ap két qua. Ching toi
thuc hién d6i sanh giira hai phwong phéap:

4.1.1. Naive DP: Giai thuat quy hoach
dong thuan tuy v6i do phtc tap O(N?).

4.1.2. Proposed Framework: Khung
giai thuat dé xuét sir dung CHT don diéu
tich hop Lambda Optimization, véi do
phirc tap Iy thuyét O(N).

Méi truong kiém thir bao gom: CPU
Intel Core 17-12700H, RAM 16GB, chay
trén hé diéu hanh Ubuntu 22.04. M3 ngudn
duogc bién dich béi trinh bién dich G++
11.2 v6i co tdi vu hoa “-02°. Mdi phép
do duoc lap lai 10 1an dé 14y gia trj trung
binh, loai bé cac yéu tb nhidu hé thong.

4.2. Két qud va théo lugn

S6 liéu thoi gian thyc thi dugc téng
hop chi tiét trong Bang 1 va xu hudng
ting truong duge minh hoa trén biéu do
Hinh 1.



71

Bang 1: Thoi gian thyc thi trung binh (ms) giita cac phwong phap

Kich thwée N Naive DP (O(V?)) Proposed (O(N)) Tang toe (Speedup)
10° 2.1 0.1 21x
104 205.0 0.8 256x
10° 20150.0 8.5 2370x
10° TLE (>1000s) 92.0 -

Quan sat tai mc , giai thuat Naive DP
tiéu ton téi 20150ms (hon 20 gidy), trong
khi giai thuat dé xuét hoan thanh chi trong
8.5ms. Murc giam thoi gian dat (20150 —
8.5)/20150 =~ 99.96%, khang dinh sy vuot
troi vé hiéu niang. Khi ting 1én 10°, phuong
phap Naive DP that bai do vuot qua gi6i
han thoi gian cho phép (TLE), trong khi
phuong phap d& xuét van duy tri thoi gian
xtr 1y duéi 0.1 gidy (92ms).

Can Iuu ¥ rang hiéu ning t6i wu nay
dat duoc nho gia dinh vé tinh don diéu cua
dir liéu (Monotone CHT). Trong trudong
hop dir liéu khong thoa man tinh chét nay,
viéc chuyén sang General CHT (O(N log
N)) 1a bat budc, tuy nhién hiéu ning van s&
vuot xa so véi tiép can O(V?) truyén thé)ng.

V. Két luin
Nghién ctru nay da thiét lap thanh
cong mot khung cai dat t6i wu cho 16p bai

toan quy hoach dong, thong qua viéc tich
hop chit ché ki thuat Bao 16i va Téi uu
hoéa Lambda. Cac két qua thuc nghiém da
minh chimg tiém ning to 16n cua phuong
phép trong vi¢c gidi phong sttc manh tinh
toan, dac biét twong thich voi cac hé théng
bién han ché vé tai nguyén. Viéc ap dung
tinh toan 128-bit va co ché tie-breaking
dong vai tro then chdt trong viéc dam bao
tinh dn dinh va chinh xéc cta giai thuat.

Huéng di tiép theo cua nghién ciru
sé tap trung vao: (1) M& rong khung cai
dat dé hd tro cdu trac Li Chao Tree nhim
xur ly cac truong hop dir liéu khong don
diéu; va (2) Ung dung giai thuat vao cac
kich ban thuc t& nhu nén tin hiéu y sinh
hodc t&i wu hoa dinh tuyén ning lugng
trong mang cam bién khong day va trong
tinh toan bién (Edge Computing).

So sanh thei gian thiee thi (Thang Log-Lag)

106 ¢ .

10° k|, DPOW)

Naive

Proposed Q(AN)

10% |
E o105}
£ 10}
=11}
8 101
=
10°
W=y 3 T 6
10 10 10 10
Kich thwée dis lidu N

Hinh 1: Biéu d6 Log-Log thé hién xu huéng ting trudng thoi gian thyee thi. Phwong phdp
dé xuat duy tri dp doc tuyén tinh on dinh, trdi nguge véi dé doc bdc hai ciia phwrong phdp
thuan tity
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OPTIMIZING DYNAMIC PROGRAMMING ON EDGE
COMPUTING SYSTEMS: A UNIFIED FRAMEWORK
USING COMPUTATIONAL GEOMETRY AND
LAGRANGE MULTIPLIERS

Nguyen Thi Phi Doan'

Abstract: In edge computing environments dealing with time-series data, traditional
Dynamic Programming (DP) algorithms with O(N2) complexity often face significant
challenges regarding latency and energy consumption when data size exceeds N > 105.
This paper proposes a Unified Implementation Framework that combines the Convex Hull
Trick (CHT) and Lambda Optimization (1-Optimization) to reduce complexity to O(N). The
key contributions include: Developing an arithmetic-safe mechanism using 128-bit integer
precision to eliminate floating-point errors; proposing a specific tie-breaking strategy for the
Lagrangian relaxation method to ensure stable convergence; and conducting comprehensive
empirical evaluations on large-scale simulated datasets. The results show that at N = 105,
the proposed algorithm achieves an average execution time of 8.5ms, a reduction of over
99.9% compared to the 20150ms of the baseline method, demonstrating its potential for

resource-constrained devices.

Keywords: dynamic programming, convex hull trick, lambda optimization, edge optimization,
tie-breaking, algorithmic complexity

! Faculty of Electric and Electronic Engineering, Hanoi Open University, Hanoi, Vietnam



