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Tom tit: Sy phat trién ciia dién todn lwong tir hién dang gdp phdi nhitng rao can dang
ké do cdc giGi han néi tai cia ky nguyén leong tir quy mé trung binh c¢é nhiéu. Nhitng théch
thire vé phdn cung, cu thé la so luwong qubit bi han ché va mirc do nhiéu van hanh cao, da
tao ra nhitng rdo cdan Ién trong viéc phdt trién va xdc thuwce cdc thudt todn lwong tir phike tap.
Hé qua tat yéu la cac phwong phdp mé phong cé dién da tro thanh cong cu khong thé thiéu
dé thiét ké va toi wu héa thudt todn trude khi trién khai trén phan citng vt Iy. Bai bdo nay
dé xudt va danh gid mot khung mé phong iing dung thudt todn Metropolis-Hastings, mot
nén tang nong cot cia cdc phwong phip Monte Carlo chudi Markov. Kién tric tdp trung
vdo viéc mé phong ban chat xdc sudt ciia cdc phép do lwong tir va s tién héa ciia hé thong
duedi tac ddng ciia nhiéu, dac biét nham t6i cdc bai todn toi wu héa. Cot 16i ciia phwong phdp
la anh xa khéng gian ndng lwong ciia hé lwong tir sang mét canh quan néang heong cé dién,
cho phép thudt todn Metropolis ldy mau tir phdn phéi Boltzmann twong vmg. Cdach tiép cdn
nay to ra ddac biét hiéu qua trong viéc tim kiém cdc trang thai nang luong thd'p, mot muc tiéu
16i thuong trong cac thudt toan nhw u luwong tw va thudt toan 16i wu héa tiém cin luwong tir.
Théng qua viéc mé phong chi tiét mé hinh Ising truong ngang, chiing t6i chirng minh khung
mo phong dat dwoc hiéu sudt bé nhé vuot troi trong viéc woc lwong trang thai co ban cua hé
th(fng. Thém vao do, thong $6 nhiét do ¢ thé tinh chinh cung cép mét co ché truc quan de
nghién ciru dnh hieong cia nhiéu nhiét va hién twong mat lién két. Dit khéng phdi la mét bo
mé phong lwong tir van néng, phwong phdp tiép cin dwa trén MCMC nay dai dién cho mét
cong cu thue tién va thiét yéu trong ky nguyén NISQ vén dang bi han ché nghiém trong vé
mat tai nguyén.

Tir khéa: mat lién két, mo hinh Ising, thudt todan Metropolis-Hastings, NISQ, 16i wu héa leong
tir, mo phong luwong tir
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I. Dit vin dé

Su ra doi cua dién toan lugng tr
mang theo tiém ning giai quyét nhirng bai
toan phuc tap ma ngay cd cac si€éu may
tinh ¢6 dién manh mé& nhat hién nay ciing
khong thé xir 1y n6i trong mot khoang thoi
gian thuc t& (Nielsen va Chuang, 2010).
Nhirng tng dung ctua cong ngh¢ nay, trai
dai tir khoa hoc vat liéu, thiét ké thude
phan tir, @n mo hinh hoéa tai chinh va tdi
wu héa chudi cung tmg logistics, duoc du
doén s€ tao ra nhirng budc ngodt mang tinh
cach mang (Arute , 2019). Tuy nhién, con
dudng chuyén giao tir Iy thuyét trién vong
dén mot may tinh lugng tr quy mé 16n, c6
kha ning chiu 13 lai ddy ray nhirng thach
thirc khoa hoc va k¥ thudt to 16n (Altman
va cong su, 2021).

Tro ngai ¢t 16i trong ky nguyén
lugng tir quy mo trung binh cé nhiéu hién
tai chinh 1a sy mong manh cuc dj cua
cac trang thai luong tir (Preskill, 2018).
Qubit, don vi co ban cau thanh nén thong
tin luong tr, vd cung nhay cam voi moi
truong xung quanh. Sy tuong tac khong
mong mudn v6i moi truong nay dan dén
mot qua trinh suy thoai dugc goi 1a hién
tuong mét lién két (decoherence) (Zurek,
2003). Qua trinh mat lién két pha huy
nhanh chong cac dic tinh vi mé tinh té nhu
xép chong va vuéng viu luong tir (Lidar,
2014; Endo va cong su, 2021).

Trong bdi canh khé khin nay, mé
phong ¢6 dién cac hé luong tir d3 vuon 1én
tr& thanh mot cong nghé hd trg mang tinh
song con. Cac bé mo phong cho phép cac
nha nghién ctru thiét ké, thir nghiém va g&
16i cac thuat toan lugng tir ma khong can
phai tiép can truc tiép v6i cac phan cing
ddt d6 va khan hiém (Feynman, 1982).
Phuong phap mé phong tryc tiép nhat,

mo phong véc-to trang thai dy du, cung
cép mot mo ta toan hoc chinh xac tuyét
dbi vé su tién hoa cua trang thai luong tir
(Zhukov va cong su, 2018). Thé nhung,
phuong phap nay lai vap phai rio can
khong 16 vé mit tinh toan. Yéu cau vé bo
nhd va nang lyc xir Iy ctia nd ting theo cip
s6 nhan (O(2N)) twong mg véi s luong
qubit. Sy gia tdng do phuc tap tinh toan
theo ham mil nay khién mé phong véc-to
trang thai trd nén bat kha thi ddi voi cac hé
thdng vuot qua ngudng 40-50 qubit trén
phan cing may tinh tiéu chuan hién dai
(Boixo va cong su, 2018).

Dé giai quyét bai toan vé kha niang
mo rong quy mo, bai bao nay dé xuit va
danh gid mot khung md phong tan dung
sitc manh cua thuat todn Metropolis-
Hastings. Phuong phap luan c6t 18i bao
ham viéc anh xa toan hoc khong gian ning
luong (Hamiltonian) cia mot hé lugng tur
sang mot canh quan ning luong co dién.
Sau do, thuat toan Metropolis dugc su
dung dé tao ra cac mau dai dién tur phan
phéi Boltzmann twong Gmg (Metropolis va
cong su, 1953; Hastings, 1970). Cach tiép
can ngau nhién nay dic biét phu hop va tdi
uu cho viéc md phong cac bai toan toi wu
hoa t6 hop va tim kiém trang thai co ban,
vbn 1a trong tAm cua phuong phap o luong
tor (Kadowaki & Nishimori, 1998) va céac
ho thuat toan bién phan nhu VQE hay
QAOA (Cerezo va cong su, 2021; Farhi
va cong su, 2014).

IL. Co sé 1y thuyét

Khung mé phong duge dé xuat trong
nghién ctru nay 1a sy két hop chit ché gitra
cac nguyén 1y nén tang cua co hoc lugng
tr va vat 1y thong ké cb dién. Viéc nim
vitng cac co sé nay 1a yéu td quyét dinh dé
hiéu rd qua trinh 4nh xa hé thong.



2.1. Nguyén ly cua dién todn luwgng
tik va biéu dién hé thong

Khéac biét hoan toan so vdi bit ¢d
dién chi mang gia tri nhi phan xac dinh
(0 hoac 1), mot bit luwgng tir (qubit) cod
thé ton tai trong mot to hop tuyén tinh
cua cac trang thai co so, dugc goi la sy
xép chong. Trang thai cia mot qubit don
1¢, ky hiéu 1a |y), dugc biéu dién bing
phuong trinh:

ly) =al0) + f [1) (1)
trong d6 o va P 1a cac bién do xac suit
phtc, tuin tha nghiém ngat diéu kién
chuan hoa |a2 + |B |2 = 1 (Nielsen va
Chuang, 2010). Pdi voi mot hé gdm N
qubit, khong gian Hilbert chtra toan bo
céc trang thai c6 sd chiéu 1a 2N, giai thich
cho sy bung nd t6 hop trong viéc theo ddi
chinh xac trang thai luong tr bang cac bd
mo phong véc-to truyén thong (Aaronson,
2011). Trong dién toan lugng tr, bai toan
t6i wru hoa thudng duoc hé thirc hoa dudi
dang viéc di tim trang thadi co ban tlc
trang thai c6 mirc nang lugng thap nhét
clia mot toan tir Hamilton dic ta hé thong
(Biamonte va cong sy, 2017). Trang thai

7
.....

cho bai toan gbc can giai quyét (Peruzzo
va cong su, 2014).

2.2. Vit Iy théng ké va thudt todn
Metropolis-Hastings

Thay vi tinh toan song song toan bg
2N bién do xéac suit, ta co thé tiép can hé
luong tir ¢ trang thai can bang nhiét dong
thong qua lang kinh cta vat 1y théng ké co
dién. Xéc suét dé tim théy hé théng 0 mot
trang thai vi mo cu thé (vi trang thai) S
tai mot nhiét 46 T dugc chi phdi bai phan
phdi Boltzmann:

P(s) =L erom 2)
1z
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trong do E(S) 1a nang lugng cua trang thai
S, va 1a ham phén bd (partition function)
dam bao tong xac suat bang 1 (Troyer &
Wiese, 2005). Viéc tinh toan truc tiép ham
Z @doi hoi phai duyét qua toan by khong
gian trang thai, mot diéu khong tuong ddi
v6i cac hé théng 16n.

Dé vuot qua rao can nay, thuat toan
Metropolis-Hastings, mdt bién thé manh
mé cua ho phuong phap Monte Carlo
Chudi Markov, duge st dung dé léy mau
xap xi tir phan phdi P(S) ma khong can
phai biét chinh xac hang s6 chuan héa Z
(Hastings, 1970). Thuat toan hoat dong
bang cach tao ra mot budc nhay ngiu
nhién tur trang thai hién tai xt sang mot
trang thai dé xuat x’. X4c suét chép nhan
budc nhdy nay dugc dinh nghia boi:

A = (1,204 3

" P(x)q(xe)

Déi v6i cac phan phdi dé xudt dbi
xtmg (symmetric proposal distributions),
tire 1a xac sudt nhay tir xt dén x’ bang voi
X4c suét nhay nguoc lai, hé thirc trén dugc
t6i gian hoa thanh A(x'|xt) = min(1, exp(-
AE/T ), voi AE = E(x) - E(xt). Co ché
nay cho phép hé thong luén chap nhan
cac budc tién toi trang thai c6 ning luong
thap hon, trong khi van duy tri mot xac
suét nhat dinh dé chép nhén cac budc tang
nang luong, tir d6 gitp thoat khoi cac diém
cuc tiéu cuc bd (Vidal, 2003).

I11. Phwong phap nghién ciru

3.1. Kién trisc khung mé phong
dé xuit

Kién trtc tong thé cta hé thng mo
phong dua trén MCMC duoc thiét ké véi
su chu trong vao hi¢u nang va kha nang
mo rong. So d6 khi chirc nang dugc minh
hoa trong Hinh 1.
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Hinh 1: So' do khoi cau triic tong thé ciia
hé thong mé phong

Trang thai vi m6 cia mdt hé théng
chra N qubit dugc biéu dién mot cach
hiéu qua dudi dang mot chudi bit cd
dién S = {s, s, ..., s} trong do mdi bién
spin s, € {0, 1} (hodc {-1, 1}). Ma trdn
Hamiltonian H ctia hé lugng to dugc giai
tich va thiét 1ap dé anh xa twong duong
sang mOt phuong trinh nang lugng vo
hudéng E(S) (Lucas, 2014).

Khung mo6 phdéng hoat dong theo
mot vong lap dong luc hoc nong cdt, thuc
thi truc tiép thuat toan Metropolis dé duyét
qua canh quan nang luong. Cau trac logic
nhu sau:

Khéi tao: Chon mét cAu hinh ngau
nhién Scurrent va thiét 1ap tham sé nhiét
do T (dai dién cho mirc d6 nhicu).

Vong lap Monte Carlo: Lap lai N, eps lan:

Dé xuit trang thai moi S oposal bang
cach lat (flip) trang thai cua mot bit duoc
chon ngﬁu nhiéntr s, .

Tinh toan su chénh 1éch nang lugng:

AE - E(Sproposal) - E(Scurrent)'
Néu AE < 0 (trang thai méi tot hon),
chap nhan S oposal

Néu AE > 0, tinh xac suét
p = exp(-AE/T'). Sinh mét s6 ngau nhién
r~ U(0, 1). Néu r < p, trang thai méi
van dugc chdp nhan dé dam bao tinh ngiu
nhién nhiét dong luc hoc.

Thu thap mau: Sau thoi gian burn-
in, cac mau trang thai duoc luu lai dé phan
tich x4c suat.

3.2. Bai todn thir nghiém: mé hinh
Ising va mé phong nhiéu

Pé danh gia hé thong, chung toi ap
dung Mo hinh Ising hai chiéu, mot mod
hinh kinh dién thuong duoc anh xa sang
dang Bai toan toi wu hoa nhi phan khong
rang bugc tha bac hai (Glover va cong su,
2019). Ning luong cta hé Ising duoc biéu
dién bai:

H=-JY 55 -hYs, (4)

(iy J) i
v6i cac bién spin s, € {+1, -1}, J dai di¢n
cho hé s6 tuwong tac gitra cac spin lan cén,
va h la to truong bén ngoai (Suzuki va
cong su, 2012). Viéc mo phong do luong
va cac yéu to nhidu luong tir dugc 1ong
ghép mot cach hé thong (Cross va cong
su, 2019).

Do luong luong ti: Sy sup do
trang thai song dugc md hinh hoda thong
qua tan suat xudt hién cla cic trang
thai vi mo trong qua trinh chay Markov
Chain, xap xi chinh x4c phéan phdi xac
suat trong phuong trinh (2) (McClean va
cong su, 2016).

Nhiéu hé théng: Tham sb nhiét doT
dong vai tro nhu mot proxy dé dinh luong
muc d6 nhiéu loan mdi trudng. Mot gia
tri 7 16n md phong cac phan cing co ty
1¢ 16i cao , trong khi T — 0 phan 4anh mot
qua trinh @ toi wu 1y tudng (Tilly va cong
su, 2022).

IV. Két qua va thao luin

Khung m6é phong da dugc danh gia
hiéu nang mot cach nghiém ngat thong
qua bai toan Ising 2D trén ciu tric mang
tinh thé vudng. Cac thong sé dau vao dugc
trinh bay chi tiét tai Bang 1.



Bdng 1: Cdc théng s6 mé phong thiét lgp

cho Mo hinh Ising
Tham so Gia tri / Mo ta

Kich thudc mang 10 x 10 (100 qubits)
Hé $0 twong tac, J 1

Tu trudng ngoai, / 0

S6 bude MC 10°

Budc Burn-in 10°

Cau hinh phan cimg | Corei7 / 32GB RAM

4.1. Su suy giam nang luong

" High T (T=4.0):
* Thermal fluctuations
* Prevents optimization

—Low Temperature (Relaxation)
- - -High Temperature (Fluctuation)

System Energy E(S)

Low T (T=0.5):
« Starts from random config
* Relaxes to ground state

0 2000 4000 6000 BOOO
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Hinh 2: Sy phu thuoc cua Nang luong
vao s6 budc Monte Carlo tai cde mirc
nhiét do khac nhau
Hinh 2 minh hoa biéu dd biéu dién

qua trinh suy giam ning luong. O cac
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mirc nhiét d6 thap (T = 0.5), hé thng
nhanh chéng hdi tu tir mot cAu hinh ngau
nhién ban dau vé mot trang thai co ban co
nang lugng cyc tiéu. Tuy nhién, khi chiu
mo phoéng nhiéu manh véi nhiét do cao
(T = 4.0), dong lyc hoc hé thong bi ket
trong su hon loan nhiét, ngin can thuat
toan tim ra muc t6i wu, phan anh chan
thuc hién twong decoherence tan pha két
qua & cac vi mach luong tur thuc té (Wang
va cong su, 2020).

4.2. Khdo sdt hiéu nang tinh todn

Thtr nghiém so sdnh dinh lugng duoc
tién hanh giita khung mé phong MCMC
dé xudt va phuong phap mé phong vecto
trang thai tiéu chuan. Hinh 3 thé hién mot
su trong phan sau sic vé hiéu suit.

Trong khi mo6 phong vecto trang thai
tiéu ton tai nguyén theo ham mil (O(2")),
dan dén hién tugng can ki¢t bd nhd ngay
khi dat ngudng xap xi 40 qubit, phuong
phap MCMC cuia ching t61 chi m¢& rong
do6 phtrc tap theo thoi gian da thirc (O(N?))
va yéu cau khong gian nhd tuyén tinh
(O(N)). Loi thé tuyét d6i ndy mé ra kha
nang md phong cac mo hinh twong duong
v61 hang nghin qubit vat 1y trén cadc may
tram thong thuong (Montanaro, 2016).

e — (M RuntimeScaling 10" (b) Memory Requi
_ 10y State-Veclor (O(2Y)) Wi ! State-Vector (O(2M)
8 100} : —Metropolis MCMC (O(N7)) i —Metropolis MCMC (O(N)) |}
§ : [Exponential Complexity | 10"
8 107}, 107
> !
foff
2 10 / Polynomial Scaling 102 Typical HPC Node (128GB)
10t & 100 L . r :
0 200 400 600 800 1000 0 200 400 600 800 1000

Number of Qubits (N)

Number of Qubits (N}

Hinh 3: So sanh Hiéu sudt: (a) D phirc tap Thoi gian, (b) P phire tap Bé nhé

4.3. Hi¢n tuwong chuyén pha

Bé‘mg cach quét dan gia tri nhiét do,

hé théng mo phong da tu dong 1am boc 16
hién tuong chuyén pha tir tinh, voi diém
to1 han dugce xac dinh tai 7' = 2.3K (Hinh

4). Diéu nay khdp hoan toan véi tinh toan
ly thuyét giai tich d6i v6i mo hinh Ising
2D, ching minh d6 tin cdy va su chinh
xéc ctia kién tric thu thap mau Boltzmann
(Kandala va cong su, 2017).
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Hinh 4: Tir @ trung binh bién thién theo
nhiét dg lam néi bét diém chuyén pha

4.4. Ung dung trén bai todn cit
cuwce dai

Pé kiém ching tinh tmg dung thyc
té, khung mo phong dugc diéu hudng
sang giai quyét bai toan Max-Cut, mot
dang bai toan NP-Khé nén tang trong 1y
thuyét do thi (Hinh 5). Qua trinh duoc 4nh
xa thong qua thuat toan QAOA mo phong
(Harrigan va cong su, 2021).

Bdng 2: Hiéu ndng tong hop trén cdc bai toin Max-Cut sinh ngau nhién

PO thi S6 dinh (V) Téi wu (ILP) MCMC tim dwgc Thoi gian chay
Toy-6 6 5 5 <0.1s
ER-50 50 80 80 2.5
ER-100 100 350 343 32.1s
ER-500 500 1800 1755 ~ 5 phit

Két qua chay thyc nghiém trén nhiéu
b do thi ngau nhién kich thude khac nhau
(Bang 2) cho thdy khung MCMC kién
dinh dua ra cac lat cat dat hiéu ning tiém
can murc toi wu, voi sai s6 vo cung nho
so v6i két qua giai chinh xac bang quy
hoach tuyén tinh nguyén (ILP) ctia Gurobi
(Abbas va cong su, 2021).

Black edges: Cut edges between groups
Gray edges: Uncured edges within groups

Hinh 5: Truc quan hoa do hoa bai todn
Max-Cut trén mét do thi 6 dinh

4.5. Théo ludn wu nhwoc diém

Viéc tich hop phuong phap ngau
nhién hoa vao khoa hoc thong tin lugng
tir mang lai nhitng wu diém ndi bat. Tinh
hiéu qua vé mat bdo nhd (O(N)) 1a mot
budc ngoit, cho phép chung ta xtr Iy khdi
luong dit liéu khong 16. Hon thé nira, tinh
tryc quan trong viéc thiét 1ap tham sd
nhiét 6 T thay thé cho mot ham mat do
nhidu phtc tap gitip cac ki su phan mém
nhanh chéong udce lugng duge anh hudng
ciia Decoherence dbi véi cdu tric do thi
dir liéu cua ho. Khung md phong nay té ra
1a mot ddi trong hoan hao cho cac bd mo
phong lugng tir dya trén Tensor Network
d6i v6i cac hé thong it sy gan két (Altman
va cong su, 2021).

Du vay, hé théng khong tranh khoi
nhimg han ché. N6 khong phai 13 mot bo
m6 phong lugng tir van niang. N6 khong thé



giai quyét cac thudt toan phu thudc nang né
vao hiéu ung giao thoa luong tir pha phirc
tap. Dong thoi, dbi voi cac Hamiltonian phi
biéu kién sinh ra nhimng xac suat mau am,
hé thdng s& vap phai bai toan diu, mot nan
dé kinh dién trong vat 1y thong ké (Troyer
& Wiese, 2005). Cubi cung, kha nang méc
ket & cac diém cuc tiéu cuc bd trong cac
khéng gian ning luong gip ghénh van luén
la dic tinh ¢b hitu cta tit ca cac thuit toan
gradient ngau nhién.

V. Két luan

Bai b4do nay da trinh bay va danh
gia sdu sic mot khung mod phong toi
wu hoa luong tir dua trén thudt toan lay
mau Metropolis. Hé théng da thé hién
kha ning xuat sic trong viéc md phong
qua trinh tim kiém trang thai niang luong
thip va thé hién mot vu thé tuyét ddi vé
sy gidn nod tai nguyén bd nhd so vdi cac
phuong phap dua trén vecto trang thai.
Bang viéc dé dang mo rong dé giai quyét
cac hé théng hang nghin qubit, du chi
gidi han chu yéu & cac mé hinh ti wu hoa
t6 hop, thiét ké nay déng vai trdo nhu mot
ban dap c6t 15i. Trong ky nguyén NISQ,
noi phan cing luong tir khan hiém, khé
tiép can va day nhiéu loan, cic cong cu
mo phong MCMC c¢6 dién chinh 1a chiée
chia khoa dinh hinh thiét ké phin mém
lugng tr thé hé tiép theo.
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A METROPOLIS-BASED SIMULATION FRAMEWORK
FOR NOISY QUANTUM OPTIMIZATION ALGORITHMS

Hoang Anh Dung', Nguyen Van Manh', Pham Tien Huy'

Abstract: The transformative potential of quantum computing is currently bottlenecked
by the inherent limitations of the Noisy Intermediate-Scale Quantum (NISQ) era. Hardware
constraints, particularly limited qubit counts and high operational error rates, pose
significant challenges for the development and validation of complex quantum algorithms.
Consequently, classical simulation frameworks have emerged as indispensable tools for
algorithm design and optimization prior to physical hardware deployment. This paper
proposes and evaluates a simulation architecture underpinned by the Metropolis-Hastings
algorithm, a cornerstone of Markov Chain Monte Carlo (MCMC) methods. The framework is
designed to capture the probabilistic nature of quantum measurements and system evolution
under environmental noise, tailored specifically for optimization tasks. Methodologically, the
quantum Hamiltonian is mapped onto a classical energy landscape, enabling the Metropolis
algorithm to sample from the corresponding Boltzmann distribution. This approach
demonstrates exceptional efficacy in identifying low-energy states, the primary objective of
heuristic algorithms such as Quantum Annealing and the Quantum Approximate Optimization
Algorithm (QAOA). Through comprehensive simulations of the Transverse-Field Ising Model,
we empirically demonstrate the framework's superior memory efficiency in ground-state
estimation. Furthermore, a tunable temperature parameter provides an intuitive mechanism
for investigating the impacts of thermal fluctuations and decoherence. While not a universal
quantum simulator, this MCMC-based approach represents a highly pragmatic and essential
tool for navigating the resource-constrained landscape of the NISQ era.

Keywords: decoherence, Ising model, Metropolis-Hastings algorithm, NISQ, quantum
optimization, quantum simulation
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