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TOm #it: Trong thiét ké hinh hoc bang may tinh viée sinh bé mat ciia Cac vt thé 1a
Vo ciing quan trong. Vi thé, cac ky thudt sinh mdt nhanh va chinh xdéc luén la mot nhu cau
cdp bach. Cac phwong phdp truyén thong sinh mdt thwong dira trén cdc thudt todn ndi suy
va ¢6 han ché vé kha nang dam bao do tron toan cuc cua bé mat vt thé hodc vé khoi lwong
tinh toan. Tir nam 1989 mét ky thudt méi ra doi khdc phuc dwoc C&c nhwoe diém trén. P61
phuwong phdp sinh mdt boi phwong trinh dao ham riéng (Partial Differential Equation) viét
tat 1a PDE. Bé mdt duoc sinh ra la nghiém ciia PDE véi cac diéu kién bién nao dé. Trong hon
30 nam qua phwong phdp nay da phdt trién rdt manh mé ca vé Iy thuyét va vmg dung. Ngay
nay phwong phép PDE dwoc sie dung réng rdi dé mé hinh héa, thiét ké twong tdc, nan chinh
hinh dang, phan tich va téi wu thiét ké.

Bai viét nay nham gioi thzeu vé Y tidng ciia phwong phap thiét ké nho PDE qua mét sé
thi du va so lwge vé sie phdt trién cing cdc vmg dung cia né.

Tirkhoa: Thiét ké nhoméay tinh, M6 hinh hda hinh koc, Sinh mdt, Phicong trinh dao ham riéng.

Abstract: In computer-aided geometric design, surface generation of objects is
extremely important. Therefore, fast and accurate surface generation techniques are always
an urgent need. Traditional surface generation methods are often based on interpolation
algorithms and have limitations in their ability to guarantee the global smoothness of the
object surface or the computational volume. Since 1989, a new technique has been born
to overcome the above disadvantages. That is the method of surface generation by partial
differential equation (PDE for short). The generated surface is a solution of PDE with certain
boundary conditions. Over the past 30 years, this method has developed very strongly in both
theory and application. Today, the PDE method is widely used for modeling, interaction
design, shape morphing, analysis and design optimization.

This paper is intended to introduce the idea of PDE-driven design through some
examples and a brief overview of its development and applications.

Keywords: computer-aided design, Geometric modeling, Surface generation, Partial
Differential Equation.

* Khoa Cbng nghé théng tin, Truong Dai hoc M& Ha Noi



I. M& dau

Trong d6 hoa may tinh (Computer
Graphics), thiét ké hinh hoc (Geometric
Design) hoic thiét ké nhd may tinh
(Computer-Aided Design) mé hinh hoa
hinh hoc tirc 1a biéu dién toan hoc cac ddi
tuong hinh hoc dé ¢ thé dé dang thao tac
lén chung nham phuc vu cho muc dich
thiét ké 12 mot cong viéc vo cing quan
trong. Céc k¥ thuat sinh bé mat (surface)
don gian nhu biéu dién hién, biéu dién an,
biéu dién tham sb tuong minh bé mit noi
chung chi md ta duoc cac bé mat don gian.
Pé biéu dién cic bé mit phirc tap nguoi
ta phai st dung cac ky thuat phuc tap hon
nhu cdc mat ludi da giac, mat Bézier,
ndi suy B-splines va NURBS [2]. Cac k¥
thudt néu trén st dung $6 lugng 16n dix
lidu 1a cac diém nat trén bé mit va cac
diém diéu khién nén doi hoi khdi luong
tinh toan 16n. Ngoai ra , ching ¢ han ché
vé kha ning dam bao do tron toan cuc
ctia bé mat vat thé. Piéu nay da duoc noi
dén trong bai tong quan [2]. Nham khic
phuc cic nhugc diém trén, tir nam 1989
mot k¥ thudt méi da ra doi. D6 1a phuong
phap sinh mat boi phuong trinh dao ham
riéng (Partial Differential Equation), ma
ta s& goi tit 1a phuong phap PDE va cac
bé mit duge sinh ra 1a mat PDE. Ky thuat
nay lan dau tién dugc Bloor va Wilson
cong bd trong [3]. B& mat duoc sinh ra la
nghiém ciia PDE vdi cac diéu kién bién
nao do, chinh x4c hon 1a cac dudong cong
thiét dién bién. Trong hon 30 nim qua
phuong phap nay da phét trién rit manh
mé ca vé ly thuyét va ung dung. Ngay nay
phuong phap PDE dugc st dung rong rai
dé mo hinh hoa, thiét ké tuong tac, nén
chinh hinh dang, phan tich va tbi uu thiét
Kké, thuc té 4o, ...

Bai viét nay nham gi6i thiéu vé y
tuong cua phuong phap thiét ké nhd PDE
qua mdt s6 thi du va so lugc vé su phat
trién cing cac tng dung ctia no.

Dé dé theo dbi, dudi day chung t6i
nhéc lai mot s6 khai niém.

Puong cong trong mit phang xOy [a
tap hop cac diém c6 toa do (x, y) dugc cho
bdi1 mot trong cac dang sau:

- Dang tuong minh y=f(x)

- Dang an f(x,y)=0

- Dang tham s6 x=x(t), y=y(t), trong
d6 t 1a tham s.

Mit (hay bé mit) trong khong gian
ba chiéu (3D) la tap hop cé4c diém c6 toa do
(x,y,2) dugc cho boi mot trong cac dang sau:

- Dang tuong minh z=f(x,y)

- Dang an f(x,y,z)=0.

- Dang tham s x=x(u,v), y=y(u,v),
z=z(u,v) trong d6 u,v 1a cac tham so.

Phuong trinh dao ham riéng (PDE)
1a phuong trinh chira 4n ham va cac dao
ham riéng ctia nd. Cép cao nhat cta dao
ham trong phuong trinh duoc goi 1a cap
ctua phuong trinh.

Bai todn tim nghiém ctua PDE thda
man céc diéu kién bién tirc 1a cac diéu kién
dat 1én 4n ham tai cac bién ctia mién xac
dinh ctia bai todn dugc goi la bai toan bién.

Linh vuc mo hinh héa hinh hoc chu
yéu lam viéc v6i dudong cong, mit cong
tham s6 va cac phuong trinh PDE hai bién
s6 loai elliptic.

Il. M6 hinh hdéa cac mat cong
don gian

Y tuéng cia phuong phap PDE
trong thiét ké hinh hoc la sinh cac mat
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cong nhu l1a nghi€ém cua cac phuong trinh
dao ham riéng trong mién tham so thda
man cac dieu kién bién. Mién tham so

chuén duge xét 1a
Q={(u,v),0 <u <I1,0=v=2x}.

Du¢i day la cac thi du minh hoa ¥
tudng cua phuong phap PDE khi st dung
phuong trinh cac cdp khac nhau.

2.1 Md hinh héa mat cong nho
PDE cdip hai

Trong cong trinh dau tay [3] Bloor
va Wilson da xdy dung mit cong nho
phuong trinh Laplace. Cu thé 1a cac tac
gia d3 tao ra mit cong tham sb

X(u,v)=(x(u,v),y(u,v),2(u,v))
nhu 1a nghiém cia phuong trinh

a2 2
AXv) =25+a*5=0 (1)

dv?
trong mién 2 thoa man cac diéu kién bién
tuan hoan theo v va
x(0,v) = cosv,y(0,v) = sinv,

z(0,v) = H;x(1,v) =Rcos v, (2)
v(1,v) =R sinv; z(1,v) =0,

trong d6 a, R, H 1a cac sé dwong.

Chu y rang nghiém ciia phuong trinh
(1) tuan hoan theo v c6 dang chudi Fourier
X(w) = A () + T (An() o
cos nv + B, (u) sin nv),
trong dé A,A,B,n=1,2,... la cac véc to
ham dugc tinh theo cac cong thuc
Ag(u) = agp + ap1u,
A, (W) = ape™ + a, e,
B,(w) = by e™™ + b,e MM,
Tir cac diéu kién bién (2) dé dang
tim dugc cac hé sé trong biéu dién nghiém
(3). Nghiém nay co6 dang

R—cosha
sinha

R—cosha .
_ sinh au ) sinv, (4)
sinh a

x = (cosh auw + sinh au ) cos v,

V= (cosh au +

z=H(1—u).
Cac mat sinh bdi nghiém trén R=2,

H=3 v&i a=0.005,1,2,4,6,8 va mot sb gia

tri khac nhau cta tham sb dugc cho trong
Hinh 1 (a, b, c, d, ef).

(c)

(e) ®
Hinh 1. Céc mdt sinh boi phwong trinh cdp
hai (1) va cdc diéu kién bién (2).

2.2. M6 hinh héa mar cong nho
PDE cip bon

Xét phuong trinh cap bon [4]

a%x 92x\*
AaAaX(u, U) = (m-}— a? ﬁ) =0 (5)

trong mién Q thoa man céc diéu kién bién
tudn hoan theo v va

X(0,v) = G, (), X(L,v) = G,(v)
{XH(O, V) = Gs (), X, (1,v) = Gy () ©)

trong do ky hiéu Xu=z—i,, G,(v)

(i=1,2,3,4) la c&c véc to ham. Nghiém



tong quét cta phuong trinh (5) c6 dang cac bé mit. Thi du, str dung cac phuong

(3), trong do trinh [3]
Ao(w) = agy + agiu + agu? + agsud, Agx(u,v) = 0,4,y(w,v) =0,
Ay(W) = ap ™ + e "M + aue™™ + ay,ue ", ApApz(u,v) = 0,
By (1) = by ™™ + bpae ™M + bygue” ™ + byyue ™. trong d6 4, 1a toan t dugc dinh nghia boi
Tir cc diéu kién bién (6) c6 thé xac cong thirc (1). O day, x,y théa man phuong
dinh duoc cac hé s6 A,A B n=12,.. tr,inh c:,ép hai, con théa mén phuong trinh
Thi du: Véi céc didu kién bién (xem [4]) cap bon. o
x(0,V) = Repp c0s v, y(0,1) = Ryyp sin v, V61 mdt so dieu kién bién cho trude
2(0,v) = H; x(1,v) = 0, nghiém cua cac phuong trinh trén sinh ra
y(1,v) =0,z(1,v) =0 cac bé mat trong Hinh 3.

x,(0,v) = 0,y,(0,v) = 0,2,(0,v) =0,
x,(1,v) =S, cosv,y,(1,v) =8, sinv,
z,(Lv) =0

nghiém cua PDE sinh ra cic bé mit trong
Hinh 2 véi cac bo tham sé trong bang sau:

Hinh a H Rtop Stop Shot
@ 1 2 1 -25 55
(b) 8 3 06 -28 5
(cc 05 3 06 -1 -5
(d) 5 3 01 -36 -13

Hinh 3. Cdc bé mdt sinh boi cdc phwong
trinh cdp hon hop
2.4. M6 hinh hoa mdt cong nho
PDE cip bén tong quit

(a) Céac mit cong phirc tap c6 thé duoc
thiét ké nho cac phuong trinh cip bdn
téng quat hon phuong trinh song diéu hoa
(5). Cu thé, ngudi ta sir dung phuong trinh
cAp bon véi cac véc to tham sé diéu khién
[5] sau day

(C) (d) 4 4 4
Hinh 2. Cdc bé mdt sinh boi phwong (B % +C ﬁ +D %) X(w,v) =0 (7)
trinh cdp bon
] . trong do

2.3. Mat cong nho sinh boi hon B = (b b b ),

hop phwong trinh cdp hai va bon A
s R ” ~ , C = (Cx: Cyr Cz) )

C0 thé su dung hon hgp cac ,
D = (dy. dy,d,)

phuong trinh cép hai va cip bon dé sinh
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la cac véc to tham sd hinh dang. Cac
diéu kién bién ciing nhu (6). Nghiém
ciia phuong trinh (7) c6 thé biéu dién
trong dang

X(u,v) = Ay () + Z(An(u) £.0),
n=1

trong d6

Ao(w) = agy + agyu + agyu’ + agzu’,
An(u) = (Anl + Anzu)e{mu + (AnS + An4u)efnzu-

Céc giéa tri t,t, xac dinh qua cac
tham s ciia phuong trinh (7).

Luva chon cac tham s6 hinh dang va
cac diéu kién bién khac nhau c6 thé tao
ra dugc cac lo hoa hinh dang khac nhau.
Xem Hinh 4 [5].

)

Hinh 4. Cac lo hoa dwoc sinh boi PDE
cdp bon (7)

2.5. M6 hinh héa mat cong nho
PDE cdp sdu

Pé sinh cac mat cong co su lién tuc
vé do cong (curvature) ngudi ta phai sir
dung phuong trinh PDE cép sau trong
khi dé c6 su lién tuc vé tiép tuyén chi
can phuong trinh cap bdn. Trong [6], [7]
phuong trinh duoc sir dung c6 dang

(4 * gL 4 C%JrD;—;)X(u,v) =0 (8)

dub dutdv?

trong do A, B, C, D la céc véc to tham
s6 hinh dang. Mot truong hop riéng cua
phuong trinh trén la phuong trinh tam
diéu hoa

A3X(u,v) = 0.

Céc thi du vé bé mit tam diéu hoa
dugc sinh bdi phuong trinh trén va mot
s6 diéu kién bién khac nhau cho trong [8],
Hinh 5.

Hinh 5. CAc bé mdt tam diéu hda

Mot trudng hop cu thé cua phuong
trinh (8) khi

a=a=a=b,=b=b=1

¢,=c,=c,=d =d =d,=-1



voi cac diéu kién bién dic biét sinh ra mat
cép sau nhu trong Hinh 6 (xem [7]).

Hinh 6. C4c mdt sinh bdi PDE cdp s&u
2.6. Mjt s6 nhin xét

- Trong céc tiéu muc & trén vé sinh
cac mat cong nho cac PDE cép hai, bdn
va sau, 11 giai tong quét cta cac phuong
trinh thuong duoc biéu dién qua chudi
Fourier. Céc diéu kién bién trong céc thi
du minh hoa thuong kha don gian. Ching
chi chira mot s6 hang ctia chudi Fourier
nén nghiém cla cac phuong trinh dé tim
dugc. Trong trudng hop tong quat, cac
diéu kién bién ciing khai trién thanh chudi
Fourier va nguoi ta chi gitr lai hitu han
cac s6 hang nhu 1a Xép xi cua diéu kién
bién. Khi d6 nghiém cua bai todn ciling
tim trong dang tong hitu han ciia cac thanh
phan Fourier. T4t nhién viéc tim cac hé sb
trong biéu dién nay kha phtc tap.

+ Khi cac diéu kién bién khong cho
trong dang cac biéu thirc giai tich ma cho
gid tri tai cac tap diém roi rac thi bude dau
phai xay dung cac dudng cong ndi suy tai
cac tap diém d6 rdi xap xi ham tim dugc
boi tong Fourier.

+ Ngoai phuong phap Fourier dé
giai cac bai todn bién cho PDE da duoc
n6i toi & trén thi cac phwong phap s6 nhu
phan tir hiru han, sai phan hiru han ciing
dugc su dung [9].

I1l. M6 hinh héa cac bé mit
phirc tap

DPé y rang cac bé mit dugc gisi
thiéu trong muc 3 la nghiém cua PDE véi

cac diéu kién bién cho tai u=0 va u=1 Néi
chung chung 1a don gian. Dé mé hinh héa
cac vat thé ba chiéu (3D) vdi cac bé mit
phtc tap nguoi ta phai pha tron (blend)
hay phai ghép nhiéu méanh sinh boi PDE.
Dudi day 1a mot s6 thi du.

Thi du 1: Cac bé mit trong Hinh 7,
mdi bé mit 1a manh ghép ciia 3 manh sinh
béi 3 cap cac diéu kién bién [10]:

e u=1
5 u=06568
> u=03M9
S o u=0 (a)
e u=1l
= u=0.8272
< > u=04197
2 | K
)
u=0 (b)

Hinh 7. Cac bé mat sinh béi 3 manh

Thi du 2: Bé mit dugc ghép bai
nhiéu manh sinh boi cac dudng cong thiét
dién biéu dién mot s6 bd phan co thé nguoi
trong Hinh 8 [11]. O d6, ngudi ta st dung
phuong trinh cap séu rit gon

= |

Hinh 8. Bé mat dwoc ghép tir nhiéu mdanh
Thi du 3. M6 hinh hoa khudon mat
nguoi.
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Trong [12] tir 29 dudng cong trén
khubn mat v&i miéng khép hodac ma cac tac
gia da xay dung dugc khudn mat véi miéng
khép hodc mé nho phwong trinh song diéu
hoa v6i nhiéu tham sé diéu khién trong cac
diéu kién bién. Xem Hinh 9.

Moi day, trong [13] Fu va cac cong
su da phét trién thuat toan xay dung khudn
mat tr cdc manh ghép st dung phuong
trinh PDE cép hai két hop vé6i noi suy.

CalCy R HENTS CalCw i C L et

Hinh 9. Khuén mat dwoc tao ra tir 29
duong cong
IV. Mét s6 ing dung ciia phuong
phap PDE

Nhu cau ngay cang ting cua C4c ing
dung thoi gian thuc trong thiét ké hinh hoc
vl sy trg giup cua may tinh (CAD) da
dan dén sy phét trién khong ngimg ctia cac
ky thuat tao bé mat hiéu qua. Céc bé mit
PDE da dugc ching minh 1a mdt cong cu
rat manh trong cac nhi¢m vy nhu vay, va
do tinh linh hoat ctia loai bé mat nay ma
nhiéu ky thuat da duogc phat trién. Mot s6
cac linh vuc tng dung chinh ctia phuong
phap tao bé mat PDE Ia:

- Thiét ké twong tac: Cac hé théng
CAD sir dung cong cu thiét ké twong tac

7

dya trén PDE, ¢ d6 viéc diéu khién chinh
cac bé mat duge thuc hién thong qua céc
diéu kién bién. Nguoi dung khdng can cac
hiéu biét chi tiét lién quan dén PDE ma
chi cn x4c dinh cac diéu kién bién boi cac
duong cong bién (xem [14], [15]).

-Két hop hinh dang (shape
blending): day 1a qua trinh ghép ndi hai
hodc nhiéu manh bé mat sao cho do tron
duoc dam bao tai cac vi tri ghép ndi. PDE
chinh 1a giai phap tu nhién dé giai quyét
van dé nay. Muc do tron dugc xac dinh
bdi cap ctia phuong trinh PDE. Xem [7],
[11], [16-18].

- Phan tich va tbi uu thiét ké: Céc
bé mit PDE cung cip mot moi truong tu
nhién cho phat trién cac cong cu c6 kha
nang phan tich thiét ké va t6i uu hoa dua
trén tinh chat vat Iy von ¢ cla cac bai
toan cu thé. Qua trinh t6i wu héa hinh dang
cua doi tuong lién quan dén viéc thiét lap
mot ham muc tiéu phu thudc cac tham )
thiét ké. Mot s thi du c6 thé xem trong
[19-22].

-Nin chinh hinh dang (shape
morphing): 1a sy bién ddi tron tru giira hai
hinh dang khac nhau cia mot ddi tuong.
Céc phuong phép tao bé mit co thé 1a mot
cong cu hiru ich dé giai quyét van dé trén.
Pic biét, phuong phap tao bé mit dua
trén PDE (phuong phap Bloor-Wilson)
khi thay d6i diéu kién bién dé dang thay
d6i bé mit cua d6i teong. Ba phuong phap
luan nan chinh hinh dang 1a thay d6i diéu
kién bién, ting sé thanh phan Fourier va
két hop hai phuwong phap trén duoc dé
Xut trong cong trinh c6 tinh chat mo dau
[23]. Su phat trién tiép theo cua cac k¥
thuat nin chinh hinh dang dugc trinh bay
trong [24], [25].



- Hoat hinh (Animation): Hoat hinh
14 mot linh vuc ma cdc bé mit PDE tim
thdy cac tng dung hitu ich. Cac qua trinh
nhu nén chinh hinh dang, thay do6i biéu
cam khudn mat va chuyén dong 12 cac qua
trinh ¢6 thé duoc tao ra tir viée su dung
phuong phap PDE. Khi cho cac tham s
ctia phuong trinh va cac diéu kién bién 1a
cac ham phu thudc thoi gian theo cac quy
luat nhét dinh c6 tinh cht vat Iy nguoi ta
thu dugc chuyén dong cia cac ddi tuong
ma bé mit cta chung dugc sinh boi cac
PDE. Nhiéu thi du vé hoat hinh c6 thé xem
trong [25-28].

- Vé mot sd tmg dung khac cua
phuong phép tao bé mit PDE c6 thé xem
trong cac bai tong quan [2], [29].

V. Két luin

Bai viét da gi6i thiéu so lugc vé
phuong phap mo hinh hoa bé mat dwa
trén PDE. Day 1a mdt phuong phép maoi
rat hiéu qua trong thiét ké bé mat cua cac
vat thé trong k¥ thuat ciing nhu trong doi
song. Y tudng ctia phuong phap 1a cac bé
mat tron dugc tao ra nhu la 161 gidi cua
PDE véi céc diéu kién bién khac nhau.
Cép cua PDE xéc dinh do tron ctia bé mit.
Véi cach tiép can nay viéc xay dung cac
bé mat din dén viéc giai cac bai toan bién
ctia PDE bang cac phuwong phap giai tich
ma chi yéu 1a phuong phéap Fourier va cac
phuong phép sé nhu phuong phap sai phan
va phuong phép phan tir hitu han. Do viéc
thao tac 1én cac bé mit théng qua mot sb
it cac tham s6 trong phuong trinh va diéu
kién bién nén phuong phép PDE sinh cac
bé mit ngay cang duoc Gng dung nhiéu
trong thiét ké hinh hoc va 6 hoa may tinh.
Méi day, nham phat huy hon nita uu thé
ctia phuong phap PDE nguoi ta da két hop

n6 voi NURBS- mét ky thuat pho bién va
da tro thanh chuan cong nghiép dé thiét ké
t61 wu cac ddi twong phire tap, ching han
nhu dau tau cao toc [30].
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